Abstract. In this study, the Multi-Objective Programming (MOP) method was used to solve Network DEA (NDEA) models with negative data, which consisted of semi-negative and semi-positive input and output. At rst, two stage and, then, k-stage production models were formulated with consideration of negative data. In the multi-objective programming, two separate objective functions, including the divisional e ciencies and the overall e ciency of the organization, were modeled. In comparison to conventional DEA with negative data, the advantage of the proposed NDEA models is consideration of intermediate processes and products, in order to calculate overall e ciency of the organization. However, in conventional DEA, sub-stages of the organizations are neglected. To measure the e ciencies of an organization regarding interactive internal process, two case studies were investigated by application of the NDEA-MOP method with negative data. Case study 1 was focused on units with two stages having semi-negative and semipositive indices. In case study 2, units with three stages were evaluated. These units had semi-negative and semi-positive indices, too. The overall e ciency of each unit was calculated using the proposed models. Fuzzy approach as a solution procedure was applied.
Introduction
Nowadays, performance assessment of industrial and economical units plays an important role in achieving managerial success and continuous progress. Data Envelopment Analysis (DEA) is a nonparametric method used to analyze and evaluate the performance of De-cision Making Units (DMUs), which converts multiple inputs into multiple outputs and takes the qualitative and quantitative measures into account. In recent years, extensive application of DEA has been observed in several contexts such as health care, education, manufacturing, retailing, banking, etc. In the conventional DEA model, two types of models, namely, the aggregation and separation approaches, are applied to measure e ciencies. In the aggregation model, divisions are aggregated into a single company, the DMU is evaluated as a black box, and the internal linking activities are neglected. Therefore, it is not possible to evaluate the performance of an individual division. In the separation model, each division in a DMU is considered as a separate unit and the linking activities between divisions are completely ignored. Thus, e ciencies of the organization's linking processes via both the mentioned methods cannot be evaluated [1] . The Network DEA (NDEA) model was proposed by Lewis and Sexton [2] to overcome the weakness of the traditional DEA model. This model had a multi-stage structure, which accounted for both divisional e ciencies and the overall e ciency in a uni ed framework. Also, it considered internal interaction within DMUs, where the intermediate measures among the stages play crucial roles in evaluation of the e ciency. In recent years, the attention of a large number of researchers has been drawn to e ciency assessment in multi-stage production processes, where each DMU transforms some external inputs to nal outputs by the intermediate products. Details of some researches in this eld can be found in [3] [4] [5] [6] . The rst DEA model, namely, CCR, was proposed by Charnes et al. [7] with assumption of constant-returns-to-scale. The evolutionary form of this model, named BCC [8] , was proposed by extending to variable-returns-toscales. In BCC, n DMUs are considered (j = 1; : : : ; n) for assessment. Each DMU consumes m inputs (i = 1; : : : ; m) and produces s outputs (r = 1; : : : ; s), denoted by (x ij ; x 2j ; : : : ; x mj ) and (y 1j ; y 2j ; : : : ; y sj ), respectively. The e ciency of DMUk can be calculated by the CCR and BCC models as Eqs. (1) and (2) 
In Eqs. (1) and (2), E k is the objective function, which is maximized for every DMU k , individually; u r and v i are weights of the outputs and inputs, respectively; x ik and y rk are the i-th input and r-th output of DMU k ; " is a small positive value, which indicates positive weights; and u 0 is the intercept of the production function in the BCC model. Previous researches have documented di erent methods for solving network DEA. Cheng et al. [9] derived a common set of weights by Multi-Objective Programming (MOP) model based on a compensatory Data Envelopment Analysis (DEA) model, in order to rank all DMUs. In order to solve it, the MOP model was transformed into a Single-Objective Programming (SOP) using a fuzzy programming method. Thereafter, the SOP model was solved by the proposed approximation algorithm. Kao et al. [10] proposed the Multi-Objective Programming (MOP) method in order to solve Network DEA (NDEA). Two types of NDEA{MOP models, namely, BCC{MOP and CCR{MOP, were assessed. Divisional and the overall e ciencies of the organization were measured without neglecting the e ciencies of its subunits. Matin and Azizi [11] measured performance of production systems by a new uni ed generalized Network DEA model when interrelationships between individual sub-processes were considered. General Network DEA model was evaluated by some illustrative numerical examples. Wang et al. [12] constructed two-stage DEA model and then used a fuzzy multiobjective for evaluating the performance of US Bank Holding Companies (BHCs). This paper analyzed the relationship between BHCs performance and their Intellectual Capital (IC). Despotis and Koronakos [13] assessed e ciency of a two-stage network using a novel DEA approach. In the proposed method, unique and unbiased e ciency scores for the individual stages were calculated. Afterwards, a posteriori aggregation method was applied in order to compose stages to obtain the e ciency of the overall system. Halkos et al. [14] reviewed the classi cation of two-stage DEA models, as well as their mathematical formulations, and main applications. Simple cases, such as the two-stage models, and general models, such as the network DEA models, were analyzed. These models were categorized into four models, namely, independent, connected, relational, and game theoretic two-stage DEA. Lee and Li [15] studied fuzzy multiple-objective programming and compromise programming with Pareto optimum. In recent times, evolutionary algorithms have become a widely used methodology in MOP. The main aim of this study was to solve network DEA by applying the Multi-Objective Programming (MOP) method. At rst, a two-stage production system was assumed in order to convert some input products in the rst stage and use these outputs as inputs to the second stage for producing nal outputs. In this paper, at rst, negative data is considered for the proposed NDEA model, which consists of semi-negative and semi-positive input and output. Thereafter, the k-stage production process with consideration of negative data is formulated by MOP. MOP is concerned with nding the solutions in which a set of objective functions are simultaneously optimized, meaning that it is not possible to improve any objective without degrading some others. Many practical applications such as pattern classi cation can be posed as MOP problems.
According to the CCR and BCC models, objective functions including the overall and divisional e ciencies within a DMU are optimized. Two case studies are evaluated to indicate the bene ts of NDEA-MOP. In order to calculate e ciency of units in the presence of semi-negative and semi-positive indices, various models are presented. Also, di erent views are suggested in order to calculate the performance of two-and multi-stage units. The di erence between this article and other articles is that the present study deals with two-and multi-stage units having semi-negative and semi-positive indices. In other words, this paper focuses on units which are combinations of these two states. The remainder of this paper is structured as follows: in Section 2, the method of Izadikhah and Farzipoor Saen [16] is discussed. In Section 3, twostage DEA model is discussed. In Section 4, a model for calculation of overall e ciency of units with two stages in the presence of semi-positive and semi-negative data is proposed. In Section 5, units are extended to kstages and a method is stated for calculating the overall e ciency of units. Fuzzy approach [17] as a solution procedure is proposed in two sections. In Section 6, two case studies are implemented to examine the network DEA models with multi-objective programming. In Section 7, results and discussion are given and the conclusion section is provided at the end of the paper.
2. Non-radial e ciency of two-stage network DEA with negative data Consider n units under assessment of DMU j (j = 1; : : : ; n) with two-stage network structure as shown in Figure 1 . Stage 1 consumes X j as input and produces Z j as output, and Stage 2 consumes Z j as input and produces Y j as output. Izadikhah and Farzipoor Saen [16] , using the idea of Chen and Zhu [18] , presented non-radial model to calculate e ciency of each stage and the overall e ciency of a unit in the presence 
s.t. z dp z dL 0 jz dp j ; z dp 6 = 0; d = 1; : : : ; D ; ' p = Max d z dL z dp jz dp j ; z dp 6 Note that, in Model (3),z is an unknown decision variable, which is calculated by solving the model. In this paper, a method is presented, which considers general state of a two-stage model (i.e., Stage 2 has external input) and k-stage model for non-negative indices.
Two-stage DEA model
Consider n DMUs under assessment. Figure 1 shows the network structure of each DMU, where X j expresses input to the rst stage and Z j represents output of the rst stage, which is considered as input to the second stage, and Y j is taken into account as output of the second stage, where X j = (x 1j ; x 2j ; : : : ; x mj ), Y j = (y 1j ; y 2j ; : : : ; y sj ), and Z j = (z 1j ; z 2j ; : : : ; z tj ) are positive.
Two-stage NDEA-CCR model in the presence of semi-positive and semi-negative data
It is assumed that I is input series, which is positive in all DMUs and I is input series, which is positive in some DMUs and negative in other DMUs, so that m = jIj + j Ij and I \ I = . Furthermore, T is z tj series, which is positive in all decision making units and T is z tj series, which is positive in some units and negative in others as t = jTj + j T j and T \ T = . In addition, R is output series, which is positive in all DMUs, and R is output series, which is positive in some DMUs and negative in others such that s = jRj + j Rj and R \ R = . The e ciency of each DMU can be calculated as follows: 
The following model is used to calculate e ciency of DMU o :
s.t. E (k) j 1; k = 1; 2 ; j = 1; : : : ; n:
All variables are non-negative. There are di erent methods to solve the two-objective Model (9) . In this study, fuzzy method [10] is applied. General algorithm of this method is presented in Section 5. By putting k = 2 in the presented algorithm, Model (9) can be solved. The multi-objective NDEA-CCR model in the presence of negative data is de ned as follows:
. . . 
where:
where y k rj = y 
All weights are non-negative. The optimal answer of Model (16) is calculated for k = 1; : : : ; K and its optimal value is named E k o ;
-Step 2. The anti-ideal answer for each of the objective functions is obtained:
s.t: E k j 1; j = 1; : : : ; n:
All weights are non-negative. The optimal answer of Model (17) is calculated for k = 1; : : : ; K and its optimal value is named E k o ;
-Step 3. The membership function for each of the objective functions for ideal and anti-ideal answers is de ned as follows:
Note that since E 
Case studies
In this section, two numerical examples are investigated. In the rst case, an example with two stages is evaluated. This data includes semi-positive and seminegative indices. In the second case, an example with k stages is studied that makes a CCR-MOP model. The fuzzy method stated in Section 3 is used for nding the optimum answer. In order to solve the two objective models above, the algorithm presented in Section 5 is used:
-Step 1. solve these two models: Table 2 (note the rst row of Table 2 1 and E (2) j are results of optimum answer of Model (27). These results are given in Table 3 . In order to calculate e ciency of DMU 1 , correlation of E 1 = 1=2 E (1) 1 + 1=2 E (2) 1 is used. Not that results are given in Table 3 with consideration of w 1 = w 2 = 1=2. According to Table 3 , overall e ciency of none of the units is unit. Thus, DMU 3 and DMU 9 have higher e ciencies than other units.
Case 2: Extended electric power companies
This case is related to extended electric power companies with link 3 [19] . In Case 1 [19] , inputs and outputs are not positive, but this case is an extension of case 1 with the exception that two semi-positive and semi-negative outputs are added to Stages 2 and 3 (to better understand, refer to Figure 4) . Data of this case is given in Table 4 , where X j , X j andX j are inputs of Stages 1, 2, and 3, respectively. At rst, Models (16) and (17) are used for data of Table 4 . Ideal and ant-ideal answers are obtained for each unit and the results are presented in Table  5 . Results of Model (19) for Case 2 are presented in Table 6 . The fuzzy method of Kao and his co-authors is used and the membership function value is calculated for each unit of assessment. Also, the overall e ciency of each DMU j is calculated via E j = P 3 k=1 w k E k j with the assumption of w 1 = w 2 = w 3 = 1=3, and the results are presented in Table 7 . In this case, the weights of all the stages are assumed to be identical. As shown in Table 7 , DMU 3 is e cient and the other DMUs are ine cient.
Conclusion
Measuring e ciency of units under assessment is one of the valuable goals of data envelopment analysis. Since all input and output indices cannot be positive, extended models are proposed by which the e ciency of units can be calculated. Also, some methods have been presented for measuring two-and multi-stage network DEA structures, which are applied for positive data. The di erence between this article and other articles that focus on calculating units with two and multi stages is that a model is proposed in this paper, which is able to calculate the e ciency of network DEA in the presence of semi-positive and semi-negative indices. Two case studies for the presented work were presented. 
